十五 Asset Valuation: Debt Investments: Analysis and Valuation

1.A: Introduction to the Valuation of Fixed Income Securities

a: Describe the fundamental principles of bond valuation.

Bond investors are basically entitled to two distinct types of cash flows: 1) the periodic receipt of coupon income over the life of the bond, and 2) the recovery of principal (par value) at the end of the bond's life. Thus, in valuing a bond, you're dealing with an annuity of coupon payments, plus a large single cash flow, as represented by the recovery of principal at maturity, or when the bond is retired. These cash flows, along with the required rate of return on the investment, are then used in a present value based bond model to find the dollar price of a bond.

b: Explain the three steps in the valuation process.

The value of any financial asset can be determined as the sum of the asset’s discounted cash flows. There are three steps:

· Estimate the cash flows. 

· Determine the appropriate discount rate. 

· Calculate the sum of present values of the estimated cash flows. 

c: Explain what is meant by a bond's cash flow.

This LOS is very straightforward. A bond's cash flow is the coupon or principal value. For an option-free bond (meaning that the bond is not callable, putable, convertible, etc.), the expected cash flow structure is shown on the time line below.

Where m = maturity, par, or face value (usually $1,000, ￡1,000, et cetera), CPN = (maturity value * stated coupon rate)/# coupons per year, and N= # of years to maturity * # coupons per year. So, for an arbitrary discount rate i, the bond’s value is:
	Bond value= 
	CPN1 
	+ 
	CPN2 
	+ ... + 
	CPNn*m + M 

	
	(l + i/m)1 
	
	(1 + i/m)2 
	
	(l + i/m)n*m 


Where: i = interest rate per annum (yield to maturity or YTM), m = number of coupons per year, and n = number of years to maturity.
d: Discuss the diffulties of estimating the expected cash flows for some types of bonds and identify the bonds for which estimating the expected cash flows is difficult.

Normally, estimating the cash flow stream of a high-quality option-free bond is relatively straight forward, as the amount and timing of the coupons and principal payments are known with a high degree of certainty. Remove that certainty, and difficulties will arise in estimating the cash flow stream of a bond. Aside from normal credit risks, the following three conditions could lead to difficulties in forecasting the future cash flow stream of even high-quality issues:
· The presence of embedded options, such as call features and sinking fund provisions - in which case, the length of the cash flow stream (life of the bond) cannot be determined with certainty. 

· The use of a variable, rather than a fixed, coupon rate - in which case, the future annual or semi-annual coupon payments cannot be determined with certainty. 

· The presence of a conversion or exchange privilege, so you're dealing with a convertible (or exchangeable) bond, rather than a straight bond - in which case, it's difficult to know how long it will be before the bond is converted into stock. 

e: Compute the value of a bond, given the expected cash flows and the appropriate discount rates.

Example: Annual coupons. Suppose that we have a 10-year, $1,000 par value, 6% annual coupon bond. The cash value of each coupon is: CPN= ($1,000 * 0.06)/1 = $60. The value of the bond with a yield to maturity (interest rate) of 8% appears below. On your financial calculator, N = 10, PMT = 60, FV = 1000, I/Y = 8; CPT PV = 865.80. This value would typically be quoted as 86.58, meaning 86.58% of par value, or $865.80.
Bond value = [60 / (1.08)1] + [60 / (1.08)2] + [60 + 100 / (1.08)3] = $865.80
Example: Semiannual coupons. Suppose that we have a 10-year, $1,000 par value, 6% semiannual coupon bond. The cash value of each coupon is: CPN = ($1,000 * 0.06)/2 = $30. The value of the bond with a yield to maturity (interest rate) of 8% appears below. On your financial calculator, N = 20, PMT = 30, FV = 1000, I/Y = 4; CPT PV = 864.10. Note that the coupons constitute an annuity.
	Bond Value=
	n*m 

 

t=1
	30 
(1 + 0.08/2)t
	+
	1000 
(1 + 0.08/2)n*m
	= 864.10


f: Explain how the value of a bond changes if the discount rate increases or decreases and compute the change in value that is attributable to the rate change.

The required yield to maturity can change dramatically during the life of a bond. These changes can be market wide (i.e., the general level of interest rates in the economy) or specific to the issue (e.g., a change in credit quality). However, for a standard, option-free bond the cash flows will not change during the life of the bond. Changes in required yield are reflected in the bond’s price.

Example: changes in required yield. Using your calculator, compute the value of a $1,000 par value bond, with a three year life, paying 6% semiannual coupons to an investor with a required rate of return of: 3%, 6%, and 12%.

At I/Y = 3%/2; n = 3*2; FV = 1000; PMT = 60/2; compute PV = -1,085.458

At I/Y = 6%/2; n = 3*2; FV = 1000; PMT = 60/2; compute PV = -1,000.000

At I/Y = 12%/2; n = 3*2; FV = 1000; PMT = 60/2; compute PV = - 852.480
g: Explain how the price of a bond changes as the bond approaches its maturity date and compute the change in value that is attributable to the passage of time.

A bond’s value can differ substantially from its maturity value prior to maturity. However, regardless of its required yield, the price will converge toward maturity value as maturity approaches. Returning to our $1,000 par value bond, with a three-year life, paying 6% semi-annual coupons. Here we calculate the bond values using required yields of 3, 6, and 12% as the bond approaches maturity.
	Time to Maturity
	YTM = 3%
	YTM = 6%
	YTM = 12%

	3.0 years
	
	1,085.458
	1,000.000
	852.480

	2.5
	
	1,071.740
	1,000.000
	873.629

	2.0
	
	1,057.816
	1,000.000
	896.047

	1.5
	
	1,043.683
	1,000.000
	919.810

	1.0
	
	1,029.338
	1,000.000
	944.998

	0.5
	
	1,014.778
	1,000.000
	971.689

	0.0
	
	1,000.000
	1,000.000
	1,000.000


h: Compute the value of a zero-coupon bond.

You find the price or market value of a zero coupon bond just like you do a coupon-bearing security, except, of course, you ignore the coupon component of the equation. The only cash flow is recovery of par value at maturity. Thus the price or market value of a zero coupon bond is simply the present value of the bond's par value. 
Bond value = M / (1 + i/m)n*m
Example: A zero coupon bond. Suppose we have a 10-year, $1,000 par value, zero coupon bond. To find the value of this bond given its being price to yield 8% (compounded semiannually), you'd do the following:
Bond value = 1000 / (1 + .08/2)10*2 = 456.39
On your financing calculator, N = 10*2 = 20, FV = 1000, I/Y = 8/24; CPT PV = 456.39 (ignore the sign).
The difference between the $456.39 and the par value ($1000) is the amount of interest that will be earned over the 10-year life of the issue.
i: Compute the dirty price of a bond, accrued interest, and clean price of a bond that is between coupon payments.

Assume we are trying to price a 3-year, $1,000 par value, 6% semiannual coupon bond, with YTM = 12%, with a maturity of January 15, 2005, and you are valuing the bond for settlement on April 20, 2002. The next coupon is due July 15, 2002. Therefore, there are 85 days between settlement and next coupon, and 180 days in the coupon period. The fractional period (w) = 85/180 = 0.4722. The value of the bond calculates out to be $879.105.
Note that this bond value includes the accrued interest. This is often referred to as the dirty price or the full price. Unfortunately, when using a financial calculator, you can't just input N as 5.4722, since the calculator will hold the fractional period to the end rather than consider it up front, and you'll end up with the wrong answer ($863.49). The easiest way to compute the dirty price on your financial calculator is to add up the present values of each cash flow.
· N = 0.4722, I/Y = 6, FV = 30, PMT = 0; CPT PV = 29.18 

· N = 1.4722, I/Y = 6, FV = 30, PMT = 0; CPT PV = 27.53 

· N = 2.4722, I/Y = 6, FV = 30, PMT = 0; CPT PV = 25.97 

· N = 3.4722, I/Y = 6, FV = 30, PMT = 0; CPT PV = 24.50 

· N = 4.4722, I/Y = 6, FV = 30, PMT = 0; CPT PV = 23.12 

· N = 5.4722, I/Y = 6, FV = 1030, PMT = 0; CPT PV = 748.79 

· Add each cash flow for a 879.09 (rounding error) dirty valuation. 

Bond prices are quoted without the accrued interest. This is often referred to as the clean price (or just the price). To determine the clean price, we must compute the accrued interest and subtract this from the dirty price. The accrued interest is a function of the accrued interest period, the number of days in the coupon period, and the value of the coupon. The period during which the interest is earned by the seller is the accrued interest period. Assume a fractional period of 0.4722 and a bond price of $879.105. Since the “w” previously calculated is the number of days’ interest earned by the buyer divided by the number of days in the coupon period, the AI period is the complement of “w”. Hence:
AI = (1-w) * CPN
= (1 – 0.4722) * 30 = $15.833
Therefore, the clean price is: CP= dirty price – AI = $879.105 – 15.833 = 863.272. The bond would be quoted at 86.3272% (or approximately 86 10/32) of par.
j: Explain the deficiency of the traditional approach to valuation in which each cash flow is discounted at the same discount rate.

The use of a single discount factor (i.e., YTM) to value all bond cash flows assumes that interest rates do not vary with term to maturity of the cash flow. In practice this is usually not the case—interest rates exhibit a term structure, meaning that they vary according to term to maturity. Consequently, YTM is really an approximation or weighted average of a set of spot rates (an interest rate today used to discount a single cash flow in the future). The use of spot rates to discount bond cash flows results in an arbitrage-free valuation.
k: Explain the arbitrage-free valuation approach and the role of Treasury spot rates in that approach.

The use of multiple discount rates (a series of spot rates that reflect the current term structure) will result in more accurate bond pricing and in doing so, eliminate any (meaningful) arbitrage opportunities. That's why the use of a series of spot rates to discount bond cash flows is considered to be an arbitrage-free valuation procedure.
To compute the value of a bond using spot rates, all you do is calculate the present value of each cash flow (coupon payment or par value) using a spot rate, and then add up the present values.
l: Explain how the process of stripping reconstitution forces the price of a bond toward its arbitrage-free value so that no arbitrage profit is possible.

It is possible to strip coupons from U.S. Treasuries and resell them, as well as to aggregate stripped coupons and reconstitute them into U.S. Treasury coupon bonds. Therefore, such arbitrage arguments ensure that U.S. Treasury securities trade at or very near their arbitrage-free prices.
The determination of spot rates and the resulting term structure is usually done using risk-free (i.e., sovereign or Treasury) securities. These spot rates then form the basis for valuing non-Treasury securities denominated in the same currency. For example, you find spot rates in Japanese yen using Japanese government bonds, then use these to value non-Treasury securities denominated in yen.
Typically, this is accomplished by adding a credit spread to each treasury spot yield, then using the result to discount the bond's cash flows. The amount of the credit spread is a function of default risk and term to maturity of the cash flow. In other words: 1) the riskier the bond, the greater the spread, and 2) spreads are affected by time to maturity, meaning there is a term structure of credit spreads.
m: Explain how a dealer can generate an arbitrage profit, and compute the arbitrage profit if the market price of a bond differes from its arbitrage-free value.

Using data from LOS 1.A.k, there are three steps (the dollar amounts given are arbitrary):
1. Buy $1m of the 2-year 8% coupon bonds. 

2. Sell $80,000 of the 1-year 0% coupon bonds at 96.154. 

3. Sell $1.08m of the 2-year 0% coupon bonds at 85.734. 
The result is that you receive $2,850.40 (positive income today) in return for no future obligation—an arbitrage opportunity. The selling of the 2-year zeros would force the price down to 85.469% (the price at which the YTM = 8.167%), at which point the arbitrage would cease to exist. 
	Cash flow diagram: 

	Time = 0 
	
	
	1 year 
	
	2 years 

	-1m (cost of 2 year, 8% coupon. bonds) 
	+80,000 
	
	(coupon, interest) 
	+1.08m 
	(coupon, interest) 

	+76,923.2 (proceeds 1-year 0% bonds) 
	-80,000 
	
	(maturity) 
	
	

	+925,927.2 (proceeds 2-year 0% bonds) 
	
	
	
	-1.08m 
	(maturity) 

	Net + 2,850.40 
	0 
	
	
	0 
	

	* 76,923.20 = 96.154 * 800 

	*925,927.20 = 85.734 * 10,800 

	* For these computations, note that the quote is on a "per $100" basis. Hence, we multiply by 1,080,000/100 = 10,800 


n: Explain the basic features common to valuation models that can be used to value bonds with embedded options.

In general, models that can handle embedded options have the following five characteristics:

1. Begin with the fundamental model to derive estimates of treasury spot rates. 

2. Estimate the volatility (degree of likely changes) in interest rates. 

3. Develop an interest rate tree, based upon the volatility estimate, of future interest rates. 

4. Model probabilities are set such that the model correctly predicts the current treasury bond price(s). 

5. Develop rules for the exercise of the embedded options. 

1.B: Yield Measures, Spot Rates, and Forward Rates

a: Explain the sources of return from investing in a bond (coupon interest payments, capital gain/loss, and reinvestment income).

· Coupon interest payments. The series of cash payments made at fixed intervals as specified in the bond indenture. 

· Capital gain or loss. The difference between the purchase price and the sales price (or maturity value if the bond is held until maturity). 

· Reinvestment income. The interest income that accrues on the reinvestment of any cash flows that occur during the specified holding period. 

b: Compute the traditional yield measures for fixed-rate bonds (current yields, yield to maturity, yield to first call, yield to first par call date, yield to put, yield to worst, and cash flow yield).

The current yield is concerned only with coupon cash flow, but does not consider capital gains/losses or reinvestment income. Suppose that we have a 3-year, $1,000 par value, 6% semiannual coupon bond. The cash coupon payment per year = cash coupon payment per year = maturity value * stated coupon rate = $1,000 * 0.06 = $60. If the bond price is $852.480 (@YTM = 12%, then the current yield = $60/$852.48 = 7.038%.
Yield to maturity (YTM) measures the internal rate of return to a bond. It is the most popular of all yield measures used in the marketplace. Continuing with the example from above, YTM = 12% (see calculation below). 
PV = -852.48, N = 6, FV = 1,000, PMT = 30; CPT I/Y = 6.00 * 2 = 12%.
Yield to call (YTC): Some bonds may be called (repurchased prior to maturity) at the option of the issuer. Investors are typically interested in knowing what the yield will be if the bond is called by the issuer at the first possible date. This is called yield to first call or yield to call (YTC). There are two modifications to our YTM formula necessary to determine yield to first call, 1) maturity date is shortened to the first call date, and 2) maturity value is changed to call price.
Continuing from the previous example, assume the cash value of each coupon is $30, and the first call price is $1,060 in 2 years, N = 4, FV = 1,060, PMT = 30, PV = -852.48; CPT I/Y = 8.85 * 2 = 17.707%. Note that it isn’t very likely that the issuer would call a 6% bond when we can see that the current required rate is much greater than 6%.
Yield to first par call is calculated in exactly the same way, except that the number of years is to first par call, and FCP becomes par value.
Yield to put: Some bonds may be put (sold back to the issuer prior to maturity) at the option of the holder. Investors are typically interested in knowing what the yield will be if the bond is put to the issuer at the first possible date. This is called yield to put (YTP). There are two modifications to our YTM formula necessary to determine yield to put, 1) maturity date is shortened to the first put date, and 2) maturity value is changed to put price.
Suppose that we have a 3-year, $1,000 par value, 6% semiannual coupon bond. We observe that the value of the bond is $852.480. The cash value of each coupon is $30, and the first put price is $1,000 in 2 years. Therefore: 
N = 4, FV = 1,000, PMT = 30, PV = -852.48; CPT I/Y = 7.39 * 2 = 14.788%.
Yield to worst (YTW) involves the calculation of yield to call (YTC) and YTP for every possible call or put date, and determining which of these results in the lowest expected return. Some “fixed income” securities have payment structures that are amortizing – the payments include both interest and principal. In many cases the amount of the principal repayment can be greater than the amount required to amortize the loan over its original life. In these cases, it is said that prepayment is occurring.
Cash flow yield (CFY) incorporates a projection as to how these prepayments are likely to occur. Once we have this in hand, we can calculate CFY via an internal rate of return measure, similar to the YTM.
c: Explain the assumptions underlying tradational yield measures and the limitations of the traditional yield measures.

YTM and present-value based yield measure assumptions:
· All coupons will automatically be reinvested to maturity at a rate of return that equals the bond's YTM. 

· Failure to reinvest coupons will result in a realized yield that's well below a bond's YTM. In fact, the only way to actually generate a rate of return that's equal to the bond's promised yield at time of purchase is to reinvest all coupons at a rate of return that equals the bond's YTM! 

· This is the reinvestment assumption that's part of any present value-based measure of yield, and is the basis of reinvestment risk. This is a key point in the Level 1 exam, so make sure to remember it! 

· The bond will be held to maturity. 
· All coupon payments are received in a prompt and timely fashion. 

Limitations:
Due in part to computational procedures, as well as the embedded assumptions noted above, there are at least two major shortcomings in the YTM measures that you should be aware of:
· These yield measures assume that all cash flows can be discounted at the same rate. 

· These yield measures assume that all coupon payments will be received in a prompt and timely fashion, and reinvested to maturity, at a rate of return that's equal to the appropriate solving rate. 

d: Explain the importance of reinvestment income in generating the yield computed at the time of purchase.

The reinvestment assumption that's embedded in any present value-based yield measure implies that all coupon (or principal) payments must be reinvested at a specific rate of return; for example, the bond's yield to maturity. That means is a bond has a YTM of 8%, the only way you'll actually earn 8% on the investment is to reinvest all the coupons (and any other intermediate cash flows) at an 8% rate of return. Anything more or less, and the actualy yield will be more or less. Thus, YTM is only an estimate of what you might earn given you fulfill the reinvestment assumption! All three sources of return (coupons, principal, and reinvestment income) have to be considered in what Fabozzi calls total dollar return. 
f: Discuss the factors that affect reinvestment risks.

The key point to take away from this is that you need to reinvest coupon cash flows at the YTM or your realized return will not be equal to the YTM. This is called reinvestment risk. YTM (and other traditional yield measures) contain a good deal of reinvestment risk. Other things being equal, the amount of reinvestment risk embedded in a bond will increase with:
· Higher coupons - because there's more to reinvest. 

· Longer maturities - because the reinvestment period is longer. 

g: Compute the bond equivalent yield of an annual-pay bond and compute the annual-pay yield of a semiannual-pay bond.

Example: Suppose that Daimler-Chrysler has a semiannual coupon bond trading in the U.S. with a YTM = 6.25%, and an annual coupon bond trading in Europe with a YTM = 6.30%. Which bond has the greater true yield? To determine the answer, we can convert the yield on the annual-pay bond to a (semiannual-pay) bond equivalent yield. BEY of an annual-pay bond = 2{(1 + YTM on annual-pay bond)0.5 - 1}. 
BEY = 2{(1 + 0.0630)0.5 - 1} = 6.2%
Clearly, the 6.25% semiannual-pay bond provides the better (bond equivalent) yield.
Alternatively, we could convert the BEY of the seminannual-pay bond to an equivalent annual-pay basis and we'll arrive at the same conclusion.
AEY = {1 + (nominal yield / # payments per year)}# payments per year - 1
AEY = {1 + (.0625 / 2)2 - 1 = 6.35%
Therefore, the semiannual-pay bond still has a greater true yield.
h: Calculate the discount margin measure for a floater and explain the limitation of this measure.

Example: Suppose that given a semiannual coupon bond with a 5-year maturity pays 180 basis points over LIBOR. LIBOR is currently 5.5%, and the bond is currently trading at 98.000. Expected CPN = $1,000 * (0.055 + 0.018)/2 = $36.50. 
On the calculator, N = 10, FV = 1,000, PMT = 36.50, PV = -980.00; CPT I/Y = 3.895 * 2 = 7.791%. Discount margin = 7.791 – 5.500 = 2.291% or approximately 229 basis points. The obvious potential shortcoming of this measure is that LIBOR will almost undoubtedly change over the life of the security.
i: Compute, using the method of bootstrapping, the theoretical Treasury spot rate curve, given the Treasury par yield curve.

Suppose that you observe the data below for three Treasury securities (i.e. they are all risk-free).
· Bond 1: 1 year, YTM = 4%, coupon = 0%, and price = 96.154% 

· Bond 2: 2 year, YTM = 8%, coupon = 8%, and price = 100.000% 

· Bond 3: 3 year, YTM = 12%, coupon = 6%, and price = 85.589% 

All bonds have annual compounding and maturities are exact. To back the spot rates out of this data, what we do is “strip” the coupons from the bonds and value them as standalone instruments. The key assumption in the process is that all cash flows (from the same bond issuer) at time t are discounted at the same rate. To back the spot rates out of this data, what we do is “strip” the coupons from the bonds and value them as standalone instruments. The key assumption in the process is that all cash flows (from the same bond issuer) at time t are discounted at the same rate. This is the two period spot rate.
100.000 = [8 / (1.04)] + [108 / (1 + Z2)2]
Z2 = [108 / 92.3077]1/2 - 1 = 8.167%
Is there an easy way to do this on your financial calculator? Unfortunately there is not. Please become familiar with your yx key and how it functions. On a TI BA-II Plus, punch in 1.16999, hit yx, type in “.5” and hit “=.” The result is 1.08166. Subtract one from this result to get Z2 in decimal terms.
j: Compute the value of a bond using spot rates.

Example: Using the spot rates from our example in LOS 1.B.i, calculate the value of a three-year, annual-pay, 8% coupon bond with the same risk characteristics as the bonds. Suppose that you observe the data below for three Treasury securities (i.e. they are all risk-free).
Answer: Simply lay out the cash flows and plug in the spot rates!
[8 / (1.04)] + [8 / (1.08167)2] + [108 / (1.12377)3] = 90.63
Or, on your financial calculator:
N = 1, PMT = 0, I/Y = 4, FV = 8; CPT PV = 7.69
N = 2, PMT = 0, I/Y = 8.167, FV = 8; CPT PV = 6.84
N = 3, PMT = 0, I/Y = 12.377, FV = 108; CPT PV = 76.10
Add these values together to get 90.63. 
k: Explain the limitations of the nominal spread.

The nominal spread is the simplest to use and to understand. It is simply an issue’s yield to maturity minus the YTM of a Treasury security of similar maturity. Therefore, the use of the nominal spread suffers from the same limitations as the YTM.
l: Describe the zero-volatility spread and explain why it is superior to the nominal spread.

The static spread (or Z-spread) is the spread not over the Treasury’s YTM, but over each of the spot rates in a given Treasury term strucure. In other words, the same spread is added to all risk-free spot rates. The Z-spread is inherently more accurate (and will usually differ from) the nominal spread since it is based upon the arbitrage-free spot rates, rather than a given YTM.

m: Explain how to compute the zero-volatility spread, given a spot rate curve.

Suppose that the above calculated spot rates are based upon U.S. government bonds, and that we observe a 3-year, 9% annual coupon Westby Machine Tool bond trading at 89.464. The YTM = 13.50% and the YTM of the three year Treasury is 12%.
Nominal Spread = YTMWestby – YTMTreasury = 13.50 – 12.00 = 1.50%
To compute the Z-spread, set the present value of the bond’s cash flows equal to today’s market price. Discount each cash flow at the appropriate zero coupon bond spot rate plus a spread SS which equals 167 basis points (see below). Note that this spread is found by trial-and-error. In other words, pick a number “SS”, plug it into the right-hand side of the equation and see if the result equals 89.464. If the right-hand side equals the left, then you have found the Z-spread. If not, pick another “SS” and start over.
89.464 = [9 / (1.04 + SS)1] + [9 / (1.08167 + SS)2] + [109 / (1.12377 + SS)3] = 1.67%
n: Explain why the zero-volatility spread will diverge from the nominal spread.

This LOS is essentially the same as LOS 1.B.l. The static spread (or Z-spread) is the spread not over the Treasury’s YTM, but over each of the spot rates in a given Treasury term structure. In other words, the same spread is added to all risk-free spot rates. The Z-spread is inherently more accurate (and will usually differ from) the nominal spread since it is based upon the arbitrage-free spot rates, rather than a given YTM.

o: Explain the option-adjusted spread for a bond with an embedded option and explain the option cost.

The option adjusted spread (OAS) is used when a bond has embedded options. The OAS can be though of as the difference between the static or Z-spread and the option cost. For the exam, remember the following relationship between the static spread (Z-spread), the OAS, and the embedded option cost:
Z-Spread – OAS = Option Cost in % Terms.
Also remember that you use the Z-spread for risky bonds that do not contain call options in an attempt to improve on the shortcomings of the na?ve or nominal spread. If the bond has an embedded option and the cash flows of the bond are dependent on the future path of interest rates, then remove the option from the spread by using the OAS.
p: Illustrate why the nominal spread hides the option risk for bonds with embedded options.

It is worth noting that a large Z-spread value can result from either component. Therefore, a large Z-spread could be the result of a large option cost implying that the investor may not be receiving as much compensation for default and other risks as may be initially perceived.
q: Explain a forward rate.

Spot interest rates as derived above are the result of market participant’s tolerance for risk and their collective view regarding the future path of interest rates. If we assume that these results are purely a function of expectations (called the expectations theory of the term structure of interest rates), we can use spot rates to estimate the market's consensus on future interest rates.
r: Explain and illustrate the relationship between short-term forward rates and spot rates.

Spot interest rates as derived above are the result of market participant’s tolerance for risk and their collective view regarding the future path of interest rates. Suppose that you have a two-year time horizon and are offered the choice between locking in a 2-year spot rate of 8.167 percent or investing at the 1-year spot rate of 4 percent and rolling over your investment at the end of the year into another 1-year security. If the difference between the 1 and 2-year rates is purely a function of expectations regarding future interest rates, you should be indifferent between these two alternatives. You expect that you derive the same result regardless of which one you choose, since market participant’s expectations are perfectly factored in to the 2-year rate.
s: Compute spot rates from forward rates and forward rates from spot rates.

Essentially, spot rates are really made up of a series of forward rates. Thus, given a set of forward rates, it's relatively easy to compute just about any spot rate. To do so, we consider Z1 to be equivalent to 1f0 (the 1-year forward rate 0 periods from today). For example, given our set of 1-year forward rates of 4 percent for the first year, 12.501 percent for the second year, and 21.296 percent for the third year, we can calculate Z3, the 3-year spot rate:

(1+Z3)3 = (1 + 1f0) * (1 + 1f1) * (1 + 1f2)

Z3 = [(1.04) * (1.12501) * (1.21296)]1/3 - 1 = 12.377%
1.C: Introduction to the Measurement of Interest Rate Risk

a: Distinguish between the full valuation approach and the duration/convexity approach for measuring interest rate risk, and explain the advantage of using the full valuation approach.

The most straightforward method to measure interest rate risk is the full valuation approach. Essentially this boils down to the following steps: 
· Begin with the current market yield. 

· Estimate hypothetical changes in required yields. 

· Revalue the bonds using the new required yields. 

· Compare the resulting price changes. 

b: Compute the interest rate risk exposure of a bond position or of a bond portfolio given a change in the interest rates.

This approach is illustrated below, first for Bond X, second for Bond Y, and third for a two-bond portfolio comprising positions in X and Y. Consider two option-free bonds: X is an 8% annual coupon bond with 5 years to maturity priced at 108.4247 to yield 6%. (N = 5; PMT = 8.00; FV = 100; I/Y = 6.00%; CPT  PV  -108.4247). Y is a 5% annual coupon bond with 15 years to maturity priced at 81.7842 to yield 7%. You have a $10m face-value position in each, and are evaluating two scenarios. The first is a parallel shift in the yield curve of +50 basis points, and the second is a parallel shift of +100 basis points.
	
	Market Value of
	Portfolio Value ∆%

	Scenario
	Yield TRI
	Bond X
	Bond Y
	Portfolio
	

	Current
	+0 b.p.
	$10.84247m
	$8.17842m
	$19.02089m
	-0.00%

	1
	+50 b.p.
	$10.62335m
	$7.79322m
	$18.41657m
	-3.18%

	2
	+100 b.p.
	$10.41002m
	$7.43216m
	$17.84218m
	-6.20%


· N = 5, PMT = 8, FV = 100, I/Y = 6% + .5% CPT PV = 106.2335 

· N = 5, PMT = 8, FV = 100, I/Y = 6% + 1%  CPT PV = 104.1002 

· N = 15, PMT = 5, FV = 100, I/Y = 7% + .5%  CPT PV = 77.9322 

· N = 15, PMT = 5, FV = 100, I/Y = 7% + 1%  CPT PV = 74.3216 

· Portfolio Value Change 50bp: (18.41657 - 19.02089) / 19.02089 = -.03177 

· Portfolio Value Change 100bp: (17.84218 - 19.02089) / 19.02089 = -.06197 

c: Explain why it is difficult to apply the full valuation approach to a bond portfolio with a large number of positions, especially if the portfolio includes bonds with embedded options.

This LOS basically answers itself. The full valuation approach is difficult because there are many tedious computations for large portfolios. The yield curve shift doesn't necessarily have to be the same - the previous LOS example can be replicated for greater or lesser yield changes in short rates vs. long rates. The steps, however, remain the same. It should be obvious that the shortcomings of this methodology are that: 1) it will become tedious if there are a large number of holdings in the portfolio, and 2) that the inclusion of bonds with embedded options will complicate the calculations required. Recall that embedded options inject a degree of uncertainty into the value of future cash flows.
d: Explain and illustrate the price volatility characteristics for option-free bonds when interest rates change (including the concept of "positive convexity").

For an option-free bond, prices will fall as yields rise, and more important, perhaps, prices will rise unabated as yields fall - in other words, they'll move in line with yields. For the callable bond, the decline in yield will reach the point where the rate of increase in the price of the bond will start slowing down and eventually level off; this is known as negative convexity. Such behavior is due to the fact that the issuer has the right to retire the bond prior to maturity at some specified call price. That call price, in effect, acts to hold down the price of the bond (as rates fall) and causes the price/yield curve to flatten! The point where the curve starts to flatten is at (or near) a yield level of y'. And note that so long as yields remain above that level (y'), a callable bond will behave like any option-free (non-callable) issue and exhibit positive convexity! That's because at high yield levels, there is little chance of the bond being called.
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e: Explain and illustrate the price volatility characteristics of callable bonds and payable securities when interest rates change (including the concept of "negative convexity").

For an option-free bond, prices will fall as yields rise, and more important, perhaps, prices will rise unabated as yields fall - in other words, they'll move in line with yields. For the callable bond, the decline in yield will reach the point where the rate of increase in the price of the bond will start slowing down and eventually level off; this is known as negative convexity. Such behavior is due to the fact that the issuer has the right to retire the bond prior to maturity at some specified call price. That call price, in effect, acts to hold down the price of the bond (as rates fall) and causes the price/yield curve to flatten! The point where the curve starts to flatten is at (or near) a yield level of y'. And note that so long as yields remain above that level (y'), a callable bond will behave like any option-free (non-callable) issue and exhibit positive convexity! That's because at high yield levels, there is little chance of the bond being called.
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f: Compute the duration of a bond, given information about how the bond's price will increase and decrease for a given change in interest rates.

Suppose that there is a 15-year option free bond with an annual coupon of 7% trading at par. If interest rates rise by 50 basis points (0.50%), the estimated price of the bond is 95.586%. (N = 15; PMT = 7.00; FV = 100; I/Y = 7.50%; CPT PV = -95.586). If interest rates fall by 50 basis points, the estimated price of the bond is 104.701%. Therefore, we can calculate the duration as:
(104.701 - 95.586) / (2)(100)(.005) = 9.115
What this tells us is that for a 100 basis point, or a 1.00% change in required yield, the expected price change is 9.115%.
g: Compute the approximate percentage price change for a bond, given the bond's duration and a specified change in yield.

Suppose that the 15-year, 7% coupon, option-free bond from the previous example is currently trading at par and we want to estimate the price change if yields fall or rise by 150 basis points. Using the previous LOS example for effective duration alone we get:
Percentage change in price due to duration = (-9.115)(-1.50%) = 13.6725% (estimated price of 113.6725)
Actual price change = 15.0564% (actual price of 115.0564)
Percentage change in price due to duration = (-9.115)(1.50%) = -13.6725% (estimated price of 86.3275)
Actual price change = -12.4564% (actual price of 87.5436)
Actual price computations:
· N = 15, PMT = 7, FV = 100, I/Y = 7% + 1.5%; CPT PV = 87.5436 

· N = 15, PMT = 7, FV = 100, I/Y = 7% - 1.5%; CPT PV = 115.0564 

Note that the estimated prices are both less than the actual prices.
h: Explain, using both words and a graph of the relationship between price and yield for an option-free bond, why duration does an effective job of estimating price changes for small changes in interest rates but is not as effective for a large change in rates.
In graphical form, the actual price behavior line is curved (convex in shape), and lies above a straight line, which represents the estimated price behavior of the bond using the effective/modified measure of duration. As the market yield moves from y* to y2 or y3, there is virtually no difference between the curved line and the straight line - implying that the actual and estimated price changes are pretty much the same. For larger swings in yield (e.g., when yields move from y* to either y1 or y4), the differences between estimated and actual prices become quite substantial. The error in the estimate is due to the curvature of the actual price path. The larger the change in yield, the larger the error. This is due to the degree of convexity. If we can generate a measure of this convexity, we can use this to improve our estimate of bond price changes. This is where convexity comes in, a measure of bond price volatility that we will explore in the next section.
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i: Distinguish between modified duration and effective (or option-adjusted) duration.

Modified duration assumes that the cash flows on the bond will not change, i.e., that we're dealing with a non-callable bond. This differs from effective duration, which considers expected changes in cash flows that may occur for bonds with embedded options. 
j: Explain why effective duration, rather than modified duration, should be used for bonds with embedded options.

The modified duration (equal to and sometimes referred to as Macaulay duration divided by 1 plus the bond’s required yield per coupon period) calculated in the above example assumes that the cash flows on the bond will not change. This differs from effective duration, which considers expected changes in cash flows that may occur for bonds with embedded options. We can use the same duration formula to calculate effective duration. The difference is that V- and/or V+ will be affected by changes in cash flows that result from changes in interest rates. Suppose that there is a 15-year option free bond with an annual coupon of 7% trading at par. If interest rates rise by 50 basis points (0.50%), the estimated price of the bond is 95.586%. (N = 15, PMT = 7.00, FV = 100, I/Y = 7.50%; CPT PV = -95.586) If interest rates fall by 50 basis points, the estimated price of the bond is 104.701%. Assume now that the bond is callable at 102.50%. That is, the bond now has an embedded option feature. We will also assume that its price cannot exceed the call price. Therefore, V- will have a value of 102.50%, as opposed to the value of 104.701%, which was used to calculate modified duration. The effective duration is 6.644, compared with a modified duration of 8.845. We note that the difference in duration is due to differences in the price path as interest rates fall.
Duration = (102.20 - 95.586) / (2)(100)(0.005) = 6.614
k: Explain the relationship between modified duration and Macaulay duration and the limitations of using either duration measure for measuring the interest rate risk for bonds with embedded options.

The modified duration is equal to and sometimes referred to as Macaulay duration divided by one plus the bond's required yield per coupon period. Modified (or effective) duration is a good approximation of price changes for an option-free (non-callable) bond, but it's only good for relatively small changes in interest rates. As rate changes grow larger, the curvature of the bond price/yield relationship becomes more prevalent, meaning that a linear estimate of price changes will contain errors. Modified duration is a linear estimate, as it assumes that the price change will be the same regardless of whether interest rates go up or down.
l: Describe the various ways that duration has been interpreted and why duration is best interpreted as a measure of a bond's or portfolio's sensitivity to changes in interest rates.


Duration is the most widely used measure of bond price volatility. Basically, it shows how the price of a bond is likely to react to different interest rate environments. A bond's price volatility is a function of its coupon, maturity, and initial yield. Duration captures the impact of all three of these variables in a single measure. Just as important, a bond's duration and its price volatility are directly related - i.e., the longer the duration, the more price volatility there is in a bond. Such a characteristic, of course, greatly facilitates the comparative evaluation of potentially competitive bond investments. Duration is sometimes described as the first derivative of the bond’s price function with respect to yield (i.e. how the measure is derived mathematically), or as a present value-weighted number of years to maturity. Neither of these descriptions is particularly useful in explaining how duration is used in practice. The most concise, useful description is that duration is a measure of a bond’s (or portfolio’s) sensitivity to a 1% change in interest rates. We calculate duration as: 
(V- - V+) / 2V0(change in y)
Where V-= estimated price if yield decreases by the change in y, V+= estimated price if yield increases by the change in y, V0 = initial observed bond price. This equation provides a measure which allows us to approximate the percentage price change for a 100 basis point (1.00%) change in required yield, assuming that the shift in the yield curve is parallel.
m: Compute the convexity of a bond, given information about how the price will increase and decrease for a given change in interest rates. 

Convexity = (V_ + V+ - 2V0) / 2V0 (change in y)2
Example: Suppose that there is a 15-year option free bond with an annual coupon of 7% trading at par. If interest rates rise by 50 basis points (0.50%), the estimated price of the bond is 95.586%. If interest rates fall by 50 basis points, the estimated price of the bond is 104.701%. Therefore, we can calculate the convexity:
{104.701 + 95.586 - 2(100)} / {2(100)(.005)2} = 57.4
n: Compute the estimate of a bond's percentage price change, given the bond's duration and convexity and a specified change in interest rates. 

By combining duration and convexity, we can obtain a far more accurate estimate of the percentage change in price of a bond, especially for large swings in yield.
% change in price = duration effect + convexity effect = [-duration(change in y)] + [convexity(change in y)2]
Example: Using the data from the previous LOS:
Estimated [change in V_%] = [(-9.115)(-1.50%)] + [(57.4)(.015)2] = 14.964%
Estimated [change in V+%] = [(-9.115)(1.50%)] + [(57.4)(.015)2] = -12.381%
Given the percentage price changes above, we would have an estimated price of 114.964 for a 150bp drop in yield, and an estimated price of 87.619 for a 150bp increase in yield. Clearly, the estimates are more accurate than using duration alone.
o: Explain the difference between modified convexity and effective convexity.

There is no such thing as “modified” convexity. The only reason that we have “modified” duration is that the original Macaulay’s duration had a flaw in it and needed to be “modified” by dividing by (1 + yield/2).
p: Explain the importance of yield volatility in measuring the exposure of a bond position to interest rate risk. 

To illustrate the point, let’s assume that we have three bonds available for investment:
1. A 5% semiannual 20-year U.S. Treasury Bond priced to yield 5%. 

2. A 10% semiannual 20-year Baa Corporate priced to yield 10%. 

3. A 15% semiannual 20-year Caa Corporate priced to yield 15%. 

The durations of these bonds are 12.55, 8.58, and 6.30, respectively. Does the lower duration mean that the Caa bond has less interest rate risk than the U.S. Treasury? Probably not. The fact is that the Caa bond will likely have greater yield volatility than the U.S. Treasury. Therefore, the overall price volatility of the Caa bond can be higher, even though its point estimate of duration is lower.
Duration only tells part of the story. The actual level of interest rate risk (T = Treasury, Caa = Caa bond) appears to be about the same, even though it is clear that the U.S. Treasury has a greater duration. This is because the yield volatility on the Caa bond is expected to be greater.
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2: Discounted Cash Flow Applications

a: Calculate the bank discount yield, holding period yield, effective annual yield, and money market yield for a U.S. Treasury bill. 

Bank discount yield: This measure takes the dollar discount from par, and expresses it as a fraction of the face value, not the price, of the T-bill. This fraction is multiplied by the number of days remaining until maturity, t. A "year" is assumed to have 360 days. Annualizing by this method assumes simple interest.
Holding period yield (HPY): This is the return the investor will earn if the T-bill is held until maturity. 
Effective annual yield: This is an annualized figure based on a 365-day year that accounts for compound interest. It is calculated by taking the quantity one plus the holding period yield and compounding it forward to one year, then subtracting one.
Money market yield: This is equal to the annualized holding period yield assuming a 360-day year. The money market yield is also referred to as the CD equivalent yield. Using the money market yield makes the quoted yield on a T-bill comparable to yield quotations on interest bearing money market instruments that pay interest on a 360-day basis.
b: Convert among holding period yields, money market yields, and equivalent annual yields. 

Example: You purchased a T-bill that matures in 150 days for a price of $98,000. The broker who sold you the bond gave you the money market yield as being 4.898%. Compute HPY and the EAY.
HPY: To convert the money market yield into the HPY, we need to convert it to a 150-day holding period by dividing the money market yield by (360/150). HPY = .04898 / (360/150) = 2.041%.
EAY: The EAY is equal to the annualized HPY based on a 365-day year. Now that we have computed the HPY, simply annualize it to calculate the EAY. EAY = (1 + .02041)365/150 = 1.05039 - 1 = 5.039%.
Note: To turn the EAY back into the HPY, apply the reciprocal of the exponent to the EAY. (1.05039)150/365 - 1 = 2.041%.
c: Calculate the price and yield to maturity of a zero-coupon bond. 

Example: You want to purchase a 5-year zero coupon bond with a face value of $1,000. If the yield to maturity of the bond is 6%, what is the price of the bond? M = $1,000, YTM = 6%, and N = 2x5 = 10.
Price = $1,000 / (1 + .06/2)10 = $744.09
On your financial calculator, N = 10, I/Y = 3, PMT = 0, FV = 1,000; CPT PV = 744.09
Bond yields for both straight (coupon) and zero-coupon bonds are typically based on semiannual periods. For example, a bond with a maturity of 10 years will mature in 20 six-month periods. The yield is calculated as an internal rate of return with semiannual compounding.
d: Explain the relationship between zero-coupon bonds and spot interest rates. 

Zero-coupon bonds are a very special type of bond. Because zeros have no coupons, all of the bond's return comes from price appreciation, investors have no uncertainty about the rate at which coupons will be invested. An investor who holds a zero-coupon bond until maturity will receive a return equal to the bond's effective annual yield.
Spot rates are defined as interest rates used to discount a single cash flow to be received in the future. With zero-coupon bonds, that is exactly what we are doing - discounting a single cash flow to be received in the future.
The yield-to-maturity on an N-year zero coupon bond is called the N-year spot interest rate, and the graph of spot rates versus term to maturity is called the spot yield curve. For example, if the yield to maturity on a 2-year zero is 4%, we can say the 2-year spot rate is 4%. Further, if the 2-year spot rate is 4%, the 3-year spot rate is 5%, and the 10-year spot rate is 8%, we can graph these rates to form the spot yield curve.
e: Explain how spot interest rates are used to price complex debt instruments. 

Spot interest rates can be used to price complex debt instruments (including coupon bonds) by taking the individual cash flow and discounting it by the appropriate spot rate.
Example: A three-year bond with a 10% annual coupon has cash flows of $100 at year 1, $100 at year 2, and pays the final coupon and the principal for a cash flow of $1,100 at year 3. The spot rate for year 1 is 5%, the spot rate for year 2 is 6%, and the spot rate for year 3 is 6.5%.
We can calculate the value of the bond by discounting each of the annual payments by the appropriate spot rate and finding the sum of the present values.
f: Explain how a coupon bond can be valued as a portfolio of zero-coupon bonds. 

LOS 2.e and 2.f are virtually identical. A complex debt instrument could be something like a callable bond or mortgage-backed security. The bottom line is that any bond can be valued as the sum of the present value of its individual cash flows where each of those cash flows are discounted at the appropriate zero-coupon bond spot rate.
g: Calculate the price of an option-free coupon bond, using the arbitrage-free valuation approach and the required yield to maturity approach. 

Arbitrage free valuation approach: This approach is the process of valuing a fixed income instrument as a portfolio of zero-coupon bonds. Any cash flow with the same maturity and credit quality must be discounted at the same rate.
· Example: A three-year, annual pay bond with a coupon rate of 10% is selling for $1,100.00. If we knew that a portfolio of three-year zero coupon bonds with the same cash flows had a value of $1,094.87, then we should sell the bond and purchase the portfolio of zeros for an arbitrage profit of $5.13. 

Required yield to maturity approach: This approach discounts all cash flows at a single interest rate, the YTM. The YTM of a coupon bond is the yield that makes the present value of a bond's promised cash flows equal to the bond's market price, and is also known as the bond's internal rate of return. When pricing a bond using the required YTM approach, investors use information about the YTMs at which comparable bonds are trading to find the discount rate to apply to the bond's cash flows.
h: Calculate the yield to maturity of a coupon bond. 

Example: Find the maturity of a two-year coupon bond (4 semiannual periods) with a coupon rate of 6% that is selling for $1,050. Assume semiannual payments with a coupon rate of 6% (coupon payments of $30 every six months).
You can use trial and error to find YTM of 3.393%, or you can use your handy financial calculator:
N = 4, PMT = 30, FV = 1,000, PV = -1,050; CPT I/Y = 1.6965%. 
Remember, you must double 1.6965% to get 3.393%.
